Abstract. In this article we revisit the theory of homotopic Hopf-Galois extensions introduced in [10] , in light of the homotopical Morita theory of comodules established in [3]. We generalize the theory to a relative framework, which we believe is new even in the classical context and which is essential for treating the Hopf-Galois correspondence in [12] . We study in detail homotopic Hopf-Galois extensions of finite-type differential graded algebras over a field, for which we establish a descent-type characterization analogous to the one Rognes provided in the context of ring spectra [25] . An interesting feature in the differential graded setting is the close relationship between homotopic Hopf-Galois theory and Koszul duality theory.
Rognes' theory of Hopf-Galois extensions of ring spectra [25] , the second author laid the foundations for a theory of homotopic Hopf-Galois extensions in an arbitrary monoidal model category in [10] , but the necessary model category structures were not well enough understood to make it possible to compute many examples. Since then, considerable progress has been made in elaborating these model category structures (e.g., [1] , [15] ), so that the time is ripe to revisit this subject.
In this article we develop anew the theory of homotopic Hopf-Galois extensions, in light of the homotopical Morita theory of comodules established in [3] . Moreover we generalize the theory to a relative framework, which we believe is new even in the classical context and which is essential for treating the Hopf-Galois correspondence in [12] . We also provide a descent-type characterization of homotopic Hopf-Galois extensions of finite-type differential graded algebras over a field, analogous to [25, Proposition 12.1.8].
1.1. The classical framework. Classical Hopf-Galois extensions show up in a wide variety of mathematical contexts. For example, faithfully flat HG-extensions over the coordinate ring of an affine group scheme G correspond to G-torsors. By analogy, if a Hopf algebra H is the coordinate ring of a quantum group, then an HHopf-Galois extension can be viewed as a noncommutative torsor with the quantum group as its structure group. It can moreover be fruitful to study Hopf algebras via their associated Hopf-Galois extensions, just as algebras are studied via their associated modules.
For an excellent introduction to the classical theory of Hopf-Galois extensions, we refer the reader to the survey articles by Montgomery [22] and Schauenburg [26] . We recall here only the definition and two elementary examples, which can be found in either of these articles. (1) [22, Example 2.3] Let k ⊂ E be a field extension. Let G be a finite group that acts on E through k-automorphisms, which implies that its dual k G = Hom(k[G], k) coacts on E. The extension E G ⊂ E is G-Galois if and only if it is a k G -Hopf-Galois extension. (2) [26, Theorem 2.2.7] Let k be a commutative ring, H a bialgebra over k that is flat as k-module, and A a flat k-algebra. The trivial extension A → A ⊗ H : a → a ⊗ 1 is then an H-Hopf-Galois extension if A ⊗ H admits a cleaving, i.e., a convolution-invertible morphism of H-comodules H → A ⊗ H. In particular, the unit map k → H is an H-Hopf-Galois extension if and only if H is a Hopf algebra.
1.2.
The homotopic framework. In his monograph on Galois extensions of structured ring spectra [25] , Rognes formulated a reasonable, natural definition of homotopic Hopf-Galois extensions of commutative ring spectra. Let ϕ : A → B be a morphism of commutative ring spectra, and let H be a commutative ring spectrum equipped with a comultiplication H → H ∧ H that is a map of ring spectra, where − ∧ − denotes the smash product of spectra. Suppose that H coacts on B so that ϕ is a morphism of H-comodules when A is endowed with the trivial Hcoaction. If the Galois map β ϕ : B ∧ A B → B ∧H (defined as above) and the natural map from A to (an appropriately defined model of) the homotopy coinvariants of the H-coaction on B are both weak equivalences, then ϕ : A → B is a homotopic H-Hopf-Galois extension in the sense of Rognes.
The unit map η from the sphere spectrum S to the complex cobordism spectrum M U is an S 1.3. Structure of this paper. We begin in Section 2 by summarizing from [3] those elements of the homotopical Morita theory of modules and comodules in a monoidal model category that are necessary in this paper. In particular we recall conditions under which a morphism of corings induces a Quillen equivalence of the associated comodule categories (Corollary 2.36).
In Section 3 we introduce a new theory of relative Hopf-Galois extensions, insisting on the global categorical picture. We first treat the classical case, then introduce the homotopic version, providing relatively simple conditions under which a morphism of comodule algebras in a monoidal model category is a relative homotopic Hopf-Galois extension (Proposition 3.29).
We furnish a concrete illustration of the theory of relative homotopic Hopf-Galois extensions in Section 4, where we consider the monoidal model category Ch fin k of finite-type, non-negatively graded chain complexes over a field k. After recalling from [3] the homotopy theory of modules and comodules in this case, we elaborate the homotopy theory of comodule algebras in Ch fin k , recalling the necessary existence result for model category structures from [1] , then describing and studying a particularly useful fibrant replacement functor, given by the cobar construction (Theorem 4.20) . Finally, we describe in detail the theory of relative homotopic Hopf-Galois extensions of differential graded algebras of finite type over a field k. In particular we establish the existence of a useful family of relative homotopic Hopf-Galois extensions analogous to the classical normal extensions (Lemma 4.24). We apply this family to proving, under reasonable hypotheses, that a morphism of comodule algebras is a relative homotopic Hopf-Galois extension if and only if it satisfies effective homotopic descent (Proposition 4.25), a result analogous to [25, Proposition 12.1.8] for commutative ring spectra. As a consequence we establish an intriguing relationship between Hopf-Galois extensions and Koszul duality, implying in particular that, under reasonable hypotheses, if A → B is a homotopic Hopf-Galois extension with respect to some Hopf algebra H, where B is weakly contractible, then H is Koszul dual to A (Proposition 4.27).
Conventions.
• All forgetful functors are denoted U.
•
be an adjoint pair of functors. If C is endowed with a model category structure, and D admits a model category structure for which the fibrations and weak equivalences are created in C , i.e., a morphism in D is a fibration (respectively, weak equivalence) if and only if its image under R is a fibration (respectively, weak equivalence) in C , then we say that it is right-induced by the functor R. Dually, if D is endowed with a model category structure, and C admits a model category structure for which the cofibrations and weak equivalences are created in D, i.e., a morphism in C is a cofibration (respectively, weak equivalence) if and only if its image under L is a cofibration (respectively, weak equivalence) in D, then we say that it is left-induced by the functor L.
Elements of homotopical Morita theory
In this section we recall from [3] those elements of homotopical Morita theory for modules and comodules that are necessary for our study of homotopic Hopf-Galois extensions in monoidal model categories. Since the definitions and results in [3] are couched in a more general framework than we need in this article, we specialize somewhat here, for the reader's convenience.
2.1. Homotopy theory of modules. Let (V , ⊗, k) be a monoidal category. Let Alg V denote the category of algebras in V , i.e., of objects A in V together with two maps µ : A ⊗ A → A and η : k → A that satisfy the usual associativity and unit axioms. Dually, the category of coalgebras in V , i.e., objects in V that are endowed with a coassociative comultiplication and a counit, is denoted Coalg V .
A right (respectively, left) module over an algebra A is an object M in V together with a map ρ : M ⊗ A → M (respectively, λ : A ⊗ M → M ) satisfying the usual axioms for an action. We let V A (respectively, A V ) denote the category of right (respectively, left) A-modules in V . We usually omit the multiplication and unit from the notation for an algebra and the action map from the notation for an A-module.
Schwede and Shipley established reasonable conditions, satisfied by many model categories of interest, under which module categories inherit a model category structure from the underlying category. If V is cofibrantly generated and satisfies the monoid axiom, and every object of V is small relative to the whole category, then the category V A of right A-modules admits a model structure that is right induced from the adjunction
and similarly for the category A V of left A-modules.
Convention 2.2. Henceforth, we assume always that V is a symmetric monoidal model category such that the adjunction
right-induces a model category structure on V A , for every algebra A in V , and similarly for A V . Whenever we refer to weak equivalences, fibrations, or cofibrations of A-modules, we mean with respect to this right-induced structure.
The tensor product of a right and a left A-module over A is construction that appears frequently in this article. Definition 2.3. Given right and left A-modules M A and A N , with structure maps ρ : M ⊗ A → M and λ : A ⊗ N → N , their tensor product over A is the object M ⊗ A N in V defined by the following coequalizer diagram:
The special classes of modules defined below, which are characterized in terms of tensoring over A, play an important role in this article.
Definition 2.4. Let V be a symmetric monoidal model category satisfying Convention 2.2. A left A-module M is called
• homotopy compact if for every finite category J and every functor Φ : J → V A , the natural map
is a weak equivalence in V ; • homotopy flat if − ⊗ A M : V A → V preserves weak equivalences;
• homotopy faithful if − ⊗ A M : V A → V reflects weak equivalences; and • homotopy faithfully flat if it is both homotopy faithful and homotopy flat.
Right A-modules of the same types are defined analogously.
It is also useful to distinguish those weak equivalences of left (respectively, right) A-modules that remain weak equivalences upon tensoring over A with any right (respectively, left) A-module.
′ is a weak equivalence for all cofibrant right A-modules M . Pure weak equivalences of right A-modules are defined analogously.
It is easier to work in monoidal model categories in which cofibrant modules are homotopy flat, fitting our intuition of cofibrancy as a sort of projectivity. Definition 2.6. We say that V satisfies the CHF hypothesis if for every algebra A in V , every cofibrant right A-module is homotopy flat.
As pointed out in [29, §4] , the CHF hypothesis holds in many monoidal model categories of interest, such as the categories of simplicial sets, symmetric spectra, (bounded or unbounded) chain complexes over a commutative ring, and S-modules. The following proposition highlights one of the advantages of this hypothesis.
Proposition 2.7. [3, Proposition 2.14] Let V be a symmetric monoidal model category satisfying Convention 2.2. If V satisfies the CHF hypothesis, then the notions of pure weak equivalence and weak equivalence coincide.
Our interest in pure weak equivalences is motivated by the next proposition, for which we need to establish a bit of terminology. Definition 2.8. Let V be a monoidal category, and let ϕ : A → B be a morphism of algebras in V . The restriction/extension-of-scalars adjunction,
is defined on objects by ϕ * (M ) = M ⊗ A B, endowed with right B-action given by multiplication in B, for all right A-modules M , while ϕ * (N ) has the same underlying object, but with right A-action given by the composite 
2.2.1.
Review of corings and their comodules. Let V be a monoidal category. For every algebra A in V , the tensor product − ⊗ A − endows the category of Abimodules A V A with a (not necessarily symmetric) monoidal structure, for which the unit is A, viewed as an A-bimodule over itself.
Definition 2.12. An A-coring is a coalgebra in the monoidal category ( A V A , ⊗ A , A), i.e., an A-bimodule C together with maps of A-bimodules ∆ : C → C ⊗ A C and ǫ : C → A, such that the diagrams
In Section 3 we provide natural constructions of families of corings. For the moment we note only that any algebra A can be seen in a trivial way as a coring over itself, where the comultiplication is the isomorphism A ∼ = − → A ⊗ A A and the counit is the identity.
A more general notion of morphism of corings takes into account changes of the underlying algebra as well. Note first that if ϕ : A → B is a morphism of algebras, then there is a two-sided extension/restriction-of-scalars adjunction,
Moreover, ϕ * is an op-monoidal functor, i.e., there is a natural transformation
which allows us to endow ϕ * (C) with the structure of a B-coring whenever C is an A-coring.
Remark 2.13. Note that if A is considered as an A-comodule, where A is equipped with the trivial coring structure defined above, then ϕ * (A) is exactly the well known descent or canonical coring associated to the algebra morphism ϕ, with underlying B-bimodule B ⊗ A B. We will now recall the definition of a comodule over a coring. 
where U is the forgetful functor, and − ⊗ A C is the cofree C-comodule functor. In particular, for any A-module M , the C-coaction on M ⊗ A C is simply M ⊗ A ∆. The category 
such that the following diagram of left adjoints commutes. 
As shown in the proof of [3, Proposition 3.15] (in a somewhat more general context), the D-coaction on M ⊗ A B is given by the following composite.
Since the diagram of right adjoints must also commute, we know as well that the image under (ϕ, f )
, we denote the induced adjunction
and call it the coextension/corestriction-of-coefficients adjunction or change-ofcorings adjunction associated to f . Note that the D-component of the counit of the f * ⊣ f * adjunction is f itself and that for every (A, C)-comodule (M, δ),
and call it the canonical adjunction for C, as a generalization of the usual canonical adjunction for descent along ϕ : A → B, which is the case C = A of the adjunction above [11], [20] .
* can be factored as follows.
The right adjoint (ϕ, f ) * in the adjunction governed by a morphism of corings
is difficult to describe in general. Under appropriate conditions on the left A-module underlying C, however, it is possible to express (ϕ, f ) * as a cotensor product over D, dually to the expression of the left adjoint in the extension/restriction-of-scalars adjunction associated to ϕ as a tensor product over A. The condition we need to impose on C is formulated as follows.
Flatness of a coring gives us control of coreflexive equalizers in the associated comodule category. 
We can now formulate the desired explicit description of the right adjoint in the adjunction governed by a morphism of corings. * is isomorphic to the cotensor product functor − D (B ⊗ A C), i.e., there is an adjunction
Remark 2.27. The left D-coaction on B ⊗ A C is given by the following composite.
Homotopy theory of comodules. We now introduce homotopy theory into our discussion of comodule categories. Let V be a symmetric monoidal model category.
Convention 2.28. For every coring (A, C) in V that we consider here, we suppose that V A admits the model category structure right-induced from V and that V C A admits the model category structure left-induced from V A , via the adjunction
Remark 2.29. Conditions on V under which the convention above holds can be found in [1] , [13] , and [15] , where a number of concrete examples are also elaborated. In Section 4 we recall in detail the example of non-negatively graded, finite-type chain complexes over a field. For the other piece of the factorization, we need to introduce a notion dual to that of pure weak equivalence. Definition 2.33. Let V be a symmetric monoidal model category satisfying Convention 2.28. We say that a map f : C → D of A-corings is a copure weak equivalence if
is a weak equivalence for all fibrant right D-comodules M .
Just as pure weak equivalences induce Quillen equivalences of module categories, copure weak equivalences do the same for comodule categories. As a consequence of Propositions 2.32 and 2.34, we obtain the following sufficient condition for the adjunction induced by a coring morphism to be a Quillen equivalence.
Corollary 2.36. Let V be a symmetric monoidal model category satisfying Convention 2.28.
If B is homotopy compact and homotopy faithfully flat as a left A-module, and f is a copure weak equivalence, then
is a Quillen equivalence.
Relative Hopf-Galois extensions
Here we apply the results of [3] recalled in the previous section to elaborating interesting and natural generalizations first of the classical framework, then of the homotopic framework, for Hopf-Galois extensions.
3.1. The descent and Hopf functors. Let (V , ⊗, k) be a symmetric monoidal category that is both complete and cocomplete. Generalizing somewhat constructions in [4] , we begin by describing two important, natural ways to create corings in V and the relation between these constructions. 
where ∆ ϕ is equal to the composite
, a commuting diagram of algebra morphisms
induces a morphism of B-corings
Remark 3.2. The coring Desc(ϕ) is the same as the coring ϕ * (A) of Remark 2.13. We change the notation here to emphasize the functoriality of the construction in the morphism ϕ.
It is not hard to check that B, (B ⊗ A B, ∆ ϕ , ε ϕ ) is indeed a B-coring and that (β, β ⊗ α β) is a morphism of corings for any (α, β) : ϕ → ϕ ′ . Moreover, Desc(ϕ) admits two natural coaugmentations, given by the composites
The other functor into Coring V that we consider here takes as input algebras, respectively coalgebras, endowed with extra structure given by a bialgebra H.
Remark 3.3. If H is a bialgebra in V , then it is an algebra in Coalg V and a coalgebra in Alg V . In particular, (k, H) is a coring in V .
Definition 3.4. Let H be a bialgebra in V . An object of the category (Coalg V ) H of H-module coalgebras in V is an H-module in Coalg V , i.e., a coalgebra C in V , equipped with an associative, unital morphism of coalgebras κ : C ⊗ H → C. Morphisms in (Coalg V ) H are morphisms in V that respect the comultiplication and counit and the H-action. Notation 3.6. Let γ : H → H ′ be a morphism of bialgebras. There is an induced extension/restriction-of-scalars adjunction
Moreover, by Proposition 2.18 there is also a change-of-corings adjunction
As we are using the same notation for the functors in these two different cases, we will be very careful to specify context any time we refer to a functor γ * or γ * .
The category below of matched pairs of comodule algebras and module coalgebras is the natural domain for an interesting functor to the global category Coring V of all corings in V , generalizing the well known construction of a coring from any comodule algebra [10, Example 4.3(2)].
Definition 3.7. The category Pair V has as objects triples H, (A, ρ), (C, κ) , where H is a bialgebra in V , (A, ρ) is an H-comodule algebra, and (C, κ) is an H-module coalgebra. A morphism from H, (A, ρ A ), (C, κ C ) to K, (B, ρ B ), (D, κ D ) 
where the left A-action is equal to
where µ is the multiplication on A, and the right A-action is given by the composite
The comultiplication ∆ ρ,κ is equal to the composite
where ∆ is the comultiplication on C, and ε ρ,κ is given by
where ε is the counit of C.
If
The proof that Hopf(ρ, κ) is actually an A-coring is somewhat fastidious, but straightforward.
Notation 3.9. An important special case of the construction above comes from taking (C, κ) = (H, µ), where µ is the multiplication on H. We simplify notation a bit and write Hopf(ρ) = Hopf(ρ, µ).
The relation between the functors Desc and Hopf can be expressed in terms of a natural transformation, as explained below. Observe first that the proof of [21, Proposition 4.3] can easily be generalized to an arbitrary monoidal category, implying that for any morphism γ : H → K of bialgebras, the coequalizer k ⊗ H K inherits a coalgebra structure from K, with compatible right K-module structure, induced by the multiplication in K.
Notation 3.10. If γ : H → K is a morphism of bialgebras in V , let Cof(γ) denote the K-module coalgebra k ⊗ H K, letμ K denote its induced right K-action, and let π γ : K → Cof(γ) denote the quotient map.
Definition 3.11. The category ComodAlg V of all comodule algebras in V has as objects pairs H, (A, ρ) , where H is a bialgebra in V , and (A, ρ) is an H-comodule algebra. A morphism in ComodAlg V from H, (A, ρ A ) to K, (B, ρ B ) consists of a pair (γ, ϕ), where γ : H → K is a morphism of bialgebras, and ϕ : γ * (A) → B is a morphism of K-comodule algebras. 
be the obvious forgetful functor, and
The Galois transformation is the natural transformation
is the morphism of B-corings given by the identity on B in the algebra component and by the composite
in the coring component, whereμ B is induced by the multiplication in B; compare with the Galois map of Definition 1.1.
The diagram below summarizes the definitions seen thus far in this section.
where η : k → K is the unit of K, is Hopf-Galois data, in the sense of [10] , since one can also view a morphism of this type as a morphism of K-comodule algebras, where the coaction of K on A is trivial.
Remark 3.14. The naturality of all of the constructions seen thus far implies that a commuting diagram of comodule algebra morphisms (H, A)
gives rise to a commuting diagram of functors
where the B ′ -bimodule map underlying H ξ,β is
with the second map given by the right B ′ -action on B ′ ⊗ Cof(γ ′ ) (cf. Definition 3.8).
We need to introduce one more functor defined on ComodAlg V , in order to set the stage for Hopf-Galois extensions and their generalizations. Alg
γ is the unit of the γ * ⊣ γ * -adjunction in diagram (3.1), then the transpose of ϕ : γ * A → B is the composite
Applying (−) coH , we obtain a morphism of algebras
where the last isomorphism follows from the commutativity of the diagram above. We denote this composite morphism
which becomes simply ϕ coH when γ is the identity morphism on H.
As the constructions above are clearly natural in both the bialgebra and the algebra components of a comodule algebra, we can summarize the discussion above as follows.
Proposition 3.18. There is a functor Coinv :
3.2.
The classical Hopf-Galois framework. We have now set up the complete framework enabling us to formulate a relative version of the classical notion of HopfGalois extensions of rings and algebras. To simplify notation, we drop henceforth the coactions from the notation for comodule algebras.
Definition 3.19. A morphism (H, A)
is an isomorphism of algebras, and
is an isomorphism of B-corings.
When V is the category of k-modules for some commutative ring k, a relative Hopf-Galois extension for H = k is exactly a classical Hopf-Galois extension, as defined by Chase and Sweedler [6] . Related notions of relative Hopf-Galois extensions have been considered in [27] and [28] , in the context of quotient theory of noncommutative Hopf algebras.
Example 3.20. Let H be a bialgebra in V with unit η, comultiplication ∆, and multiplication µ. The morphism (η, η) : (k, k) → (H, H) in ComodAlg V is a relative Hopf-Galois extension if and only if
is an isomorphism. If V is the category of k-modules for some commutative ring k, then this condition is equivalent to requiring that H admit an antipode, i.e., that H be a Hopf algebra, in the classical sense of the word [26, Example 2.1.2]. If V is the category of (differential) graded k-modules, then, as is well known, every connected bialgebra H satisfies the condition above [9, Proposition 3.8.8].
Inspired by the classical case, we make the following definition.
Definition 3. 21 . We say that a bialgebra H in V is a Hopf algebra if the map
is a relative Hopf-Galois extension in the sense of Definition 3.19. More generally, we say that a morphism of bialgebras γ : H → K is a relative Hopf algebra if
is a relative Hopf-Galois extension, i.e., if
is a isomorphism.
For example, if H is any bialgebra, and H ′ is a Hopf algebra, then the bialgebra morphism H ⊗ η ′ : H → H ⊗ H ′ is a relative Hopf algebra. If V is the category of (differential) graded k-modules for some commutative ring k, then a morphism γ : H → K of bialgebras is a relative Hopf algebra if the left H-module and right Cof(γ)-comodule underlying K is isomorphic to H ⊗ Cof(γ). By [21, Theorem 4.4] , K admits such a description if H and K are connected, while γ : H → K is split injective and π γ : K → Cof(γ) is split surjective, as morphisms of graded k-modules. In particular, if k is a field, then γ is a relative Hopf algebra if it is injective.
For any algebra E in V , and any relative Hopf algebra γ :
The morphism H, (A, ρ A )
in ComodAlg V is then a generalized Hopf-Galois extension, as ϕ coγ is simply the identity on E, while Gal (γ,E⊗γ) is given by applying the functor E ⊗ − to the composite (3.2). Following classical terminology, we call this morphism a normal relative Hopf-Galois extension with normal basis E.
3.3.
The homotopic Hopf-Galois framework. We also require that the category Alg H V of H-comodule algebras admit the model category structure left-induced from that of Alg V via the adjunction U ⊣ (− ⊗ H) for any bialgebra H that we consider. It follows that 
f extends to a morphism of H-comodule algebras
since j is an acyclic cofibration, and γ * (γ * A) f is fibrant. A model for
is then given by the composite
To define homotopic relative Hopf-Galois extensions, we now modify somewhat the approach of [10, Definition 3.2], categorifying both conditions instead of just one. As we see below, under reasonable hypotheses a homotopic Hopf-Galois extension in the sense of [10, Definition 3.2] also satisfies the conditions of the modified definition below. hcoK , since V satisfies the CHF hypothesis, whence all weak equivalences of algebras are pure and therefore induce Quillen equivalences on module categories (Propositions 2.7 and 2.10).
Remark 3.26. In the special case of a morphism of the form (k, A)
in ComodAlg V , we recover a slightly modified version of the definition of a homotopic H-Hopf-Galois extension from [10] . are weak equivalences, where B hcoH is modelled explicitly as the totalization of a certain cosimplicial "cobar"-type construction.
As it is still work in progress to show that all of conditions of Convention 3.22 hold in various incarnations of S (cf. [16, Corollary 5.6]), we cannot yet apply the results below characterizing homotopic Hopf-Galois extensions to conclude that Rognes's definition fits precisely into our framework, but we strongly suspect that it is the case.
Remark 3.28. The generalization of homotopic Hopf-Galois extensions to a relative framework is not merely an idle exercise. Indeed, as shown in [12] , the formulation of one direction of a Hopf-Galois correspondence for Hopf-Galois extensions of differential graded algebras requires such relative extensions.
As an immediate consequence of Proposition 2.10 and Corollary 2.36, we obtain conditions under which a morphism of comodule algebras is a relative homotopic Hopf-Galois extension.
Proposition 3.29. Let V be a symmetric monoidal model category satisfying Convention 3.22.
hcoK is a weak equivalence and Gal(γ, ϕ) : Desc(ϕ) → Hopf(ρ B ,μ K ) is a copure weak equivalence, then (γ, ϕ) is a relative homotopic Hopf-Galois extension.
Corollary 3.30. Let V be a symmetric monoidal model category satisfying Convention 3.22. If the unit k is fibrant, then a morphism γ : H → K of bialgebras in V is a relative homotopic Hopf algebra if Gal(γ, γ) : Desc(γ) → Hopf(∆ K ,μ K ) is a copure weak equivalence.
Proof. Since k is fibrant in V , it is fibrant in Alg V , whence both H and K are fibrant in their respective categories of comodule algebras. It follows that the identity on k is a model of γ hcoγ : H hcoH → K hcoK .
Homotopic Hopf-Galois extensions of chain algebras
In this section we illustrate the theory of the previous section when the underlying monoidal model category is that of chain complexes of finite-dimensional vector spaces. In particular we provide a large class of examples of homotopic Hopf-Galois extensions and prove a theorem analogous to the descent-type description of homotopic Hopf-Galois extensions in [25, Proposition 12.1.8] . The work in this section builds on [3, Section 5], the key results of which we recall below.
Let k be a field, and let Ch k denote the category of non-negatively graded chain complexes of k-vector spaces. The category Ch k admits a model structure where the weak equivalences are the quasi-isomorphisms, the cofibrations are the degreewise injections, and the fibrations are the maps that are surjective in positive degrees [7] . This model category structure is closed monoidal with respect to the usual graded tensor product of chain complexes, where the internal hom is a truncated version of the unbounded hom-complex.
Let Ch fin k denote the full monoidal subcategory of Ch k , the objects of which are chain complexes that are of finite type, i.e., degreewise finite dimensional. Note that Ch fin k is neither complete nor cocomplete, but does admit all degreewise-finite limits and colimits. The monoidal model category structure of Ch k therefore restricts to a monoidal model category structure on Ch fin k , with the same distinguished classes of morphisms, but where, as in Quillen's original definition [24] , one requires only finite completeness and cocompleteness, which suffices to define and study the associated homotopy category.
Remark 4.1. In a forthcoming article [13] it will be shown that the results in this section can be extended to chain complexes of over an arbitrary commutative ring. 4.1. Homotopy theory of chain modules and comodules. Let A be an algebra in Ch k . As shown in [29, Section 4] , the category (Ch k ) A also admits a model category structure right-induced by the adjunction
If A is itself of finite type, then this structure restricts to (Ch fin k ) A , so that the adjunction
right-induces a model category structure on (Ch fin k ) A . Observe that the functor U preserves cofibrant objects, since all objects in Ch fin k are cofibrant. The analogous result obviously holds for left modules as well.
A particularly nice class of cofibrant A-modules can be described as follows.
such that for all p ≥ 0, there is a graded k-vector space V (p) such that
as differential graded A-modules. Semifree right A-modules are defined analogously. If B is another algebra in Ch k , then an A-B-bimodule is A-semifree as a right B-module if (4.1) is a filtration of right B-modules.
As summarized in the lemma below, semifree modules have many good properties. Recall Definitions 2.4 and 2.23. 
then the composition of the tower
is an X-Postnikov tower of countable height. The class of all X-Postnikov towers of countable height is denoted Post Finally, putting all of the pieces together, we can describe a class of morphisms of corings that induce Quillen equivalences between the corresponding comodule categories. Remark 4.12. The hypothesis on ϕ : A → B in the theorems above, requiring that B be left A-semifree, is only mildly restrictive. For example, the KS-extensions (also known as relative Sullivan algebras) of rational homotopy theory [8] are classical examples of such algebra morphisms. More generally, any algebra morphism in Ch fin k can be replaced up to homotopy by an algebra morphism such that the codomain is semifree over the domain. Indeed, every morphism ϕ : A → B admits a factorization
where j is the inclusion into a free extension, and p is a quasi-isomorphism, and For any graded vector space V , we let s −1 V denote the graded vector space with s −1 V n ∼ = V n+1 for all n, where the element of s −1 V n corresponding to v ∈ V n+1 is denoted s −1 v. Let (C, ∆, ε, η) be a coaugmented coalgebra in Ch k , with coaugmentation coideal C = coker(η : k → C). We use the Einstein summation convention and write ∆(c) = c i ⊗ c i for all c ∈ C and similarly for the map induced by ∆ on C. If (M, ρ) is a right C-comodule, then we apply the same convention again and write ρ(x) = x i ⊗ c i for all x ∈ M , and similarly for a left C-comodule.
Definition 4.15. Let (C, ∆, ε, η) be a coaugmented coalgebra in Ch, with coaugmentation coideal C = coker(η : k → C). For any right C-comodule (M, ρ) and left C-comodule (N, λ), let Ω(M ; C; N ) denote the object in Ch k
where
where all signs are determined by the Koszul rule, the differentials of M , N , and C are all denoted d, and s −1 1 = 0 by convention. If N = C, then Ω(M ; C; C) admits a right C-comodule structure induced from the rightmost copy of C. 
where ρ(x) = x i ⊗1⊗c i and q(x⊗1⊗c) = x⊗c, while q(x⊗s When C is replaced by a bialgebra and M and N by comodule algebras, then the cobar construction admits a compatible multiplicative structure. The case of the trivial comodule algebra N = k was treated in [14] . 
As Karpova showed in [17] , the lemma above implies the existence of a compatible multiplicative structure when N = H as well. such that for any H-comodule algebra (A, ρ), the coaction map ρ :
where ρ(a) = a i ⊗1⊗h i and q(a⊗1⊗h) = a⊗h, while q(a⊗s
The two-sided cobar construction Ω(A; H; H) has particularly nice properties as a left A-module. Proof. Note first that the nondifferential graded A-module underlying Ω(A; H; H) is A-free, whence − ⊗ A Ω(A; H; H) preserves kernels. The functor − ⊗ A Ω(A; H; H) also preserves all finite products, since they are isomorphic to finite sums. It follows that − ⊗ A Ω(A; H; H) preserves all finite limits and thus that Ω(A; H; H) is homotopy compact.
To see that Ω(A; H; H) is homotopy flat, observe that for any right A-module M , the graded k-vector space underlying M ⊗ A Ω(A; H; H) is isomorphic to M ⊗ T (s −1 H) ⊗ H and admits a bounded, increasing differential filtration with
The E 2 p,q -term of the associated spectral sequence, which converges to is a weak equivalence. Since A is a retract of Ω(A; H; H) as an algebra, f is a retract of f ⊗ A Ω(A; H; H) and is therefore also a weak equivalence.
A proof essentially identical to that of [15, Theorem 7.8] enables us to establish the following result based on Lemma 4.18.
it suffices therefore to prove that Gal(γ, γ) is a quasi-isomorphism. As seen in Example 3.20, however, since K is H-semifree and therefore γ is injective, Gal(γ, γ) is actually an isomorphism by [21, Theorem 4.4] .
Given a homotopic relative Hopf algebra, one can construct a homotopy-theoretic analogue of the "normal basis" extension in Example 3.20.
Lemma 4.24. Let γ : H → K be a homotopic relative Hopf algebra in Ch fin k , where H and K are 1-connected, and K is H-semifree. Let E be an augmented Kcomodule algebra in Ch fin k . If A = Ω(E; K; H), B = Ω(E; K; K), and ϕ = Ω(E; K; γ), then
is a homotopic relative Hopf-Galois extension, and ϕ satisfies effective homotopic descent.
Proof. It is clear that (γ, ϕ) is a morphism in ComodAlg Ch fin k . Since B is a fibrant object in Alg K V , and γ * is a right Quillen functor, A is a fibrant object in Alg
It follows that a model of
is the identity on Ω(E; K; k), whence the first adjunction in Definition 3.24 is an actual equivalence of categories. Moreover, since
it follows by Theorem 4.11 that if γ : H → K is a homotopic relative Hopf algebra, then Gal(γ, γ) is a quasi-isomorphism, whence Gal(γ, ϕ) = Ω E; K; Gal(γ, γ) is a quasi-isomorphism and therefore that the second adjunction in Definition 3.24 is a Quillen equivalence. We can thus conclude that (γ, ϕ) is indeed a homotopic relative Hopf-Galois extension. Since K is left H-semifree, B is left A-semifree, whence ϕ satisfies effective homotopic descent by Theorem 4.10.
Applying the homotopic normal basis construction, we establish a relative analogue of [25, Proposition 12.1.8] in the differential graded context. Proof. Our strategy in this proof is to exploit a comparison of (γ, ϕ) with a homotopic normal basis extension. Note first that since k is a field, the coring (k, K) is flat and thus by Proposition 2.26, the functor γ * : Alg K → Alg H is isomorphic to the cotensor product functor − K H.
Let Ω(A; H; H) and Ω(B; K; K) be the fibrant replacements of A in Alg Proposition 4.4 implies that the top adjunction is a Quillen equivalence, since α is a quasi-isomorphism. Because H IdK ,ρB is also a quasi-isomorphism, and Hopf(ρ B ,μ K ) and Hopf(ρ B ′ ,μ K ) are free and therefore semifree over their base algebras, Theorem 4.11 implies that the bottom adjunction is also a Quillen equivalence, since Ω(B; K; K) is homotopy compact and homotopy faithfully flat by Lemma 4.19. Moreover the two vertical adjunctions on the right side of the diagram are Quillen equivalences, by Lemma 4.24.
A "two-out-of-three" argument enables us to conclude that (γ, ϕ) : (H, A) → (K, B) is a relative homotopic Hopf-Galois extension if and only if ϕ : A → B satisfies effective homotopic descent. Remark 4.26. We believe that it should be possible to generalize the strategy in the proof above to many other monoidal model categories, establishing an equivalence between homotopic Hopf-Galois extensions and morphisms satisfying effective homotopic descent when the induced map on the coinvariants is a weak equivalence. The key to the proof is the existence of a well-behaved construction, replacing any (nice enough) morphism of comodule algebras by a weakly equivalent morphism of comodule algebras that is a homotopic Hopf-Galois extension and that satisfies effective homotopic descent. A "homotopic normal extension" of the sort employed in the proof above should do the trick in monoidal model categories with compatible simplicial structure.
The close relationship between homotopic Hopf-Galois extensions and morphisms satisfying effective homotopic descent enables us to include the notion of Koszul duality in our general picture as well. The connection between Koszul duality and homotopic Hopf-Galois extensions hinted at here will be explored further in a forthcoming paper [2] .
